The electrostatic, spherically symmetric solutions of the general class of non-linear abelian gauge models, minimally coupled to gravity, are classified and discussed in terms of the ADM mass and the electromagnetic energy of the associated flat-space solutions.
Generalizations of the Reissner-Nordström (RN) solution of the EinsteinMaxwell field equations through non-linear electrodynamics (NED) coupled to gravitation have been studied for several decades. This is the case of the Born-Infeld (BI) lagrangian, 1 originally introduced to obtain a classical theory with finite-energy, electrostatic, spherically symmetric (ESS) solutions. In presence of the gravitational field such solutions were analyzed in several papers. 2 Similar analysis have been also performed for ESS solutions of some other models. 3 However, while these studies are concerned with particular cases of NEDs, the main structure of the gravitating ESS solutions of general physically admissible NED models can be largely characterized by the vacuum and boundary behaviours of their lagrangian density functions, no matter their explicit forms everywhere. Let
be the action of our theory, where ϕ(X, Y ) is an arbitrary function of the two field
being the field strength tensor and F * µν = ε µναβ F αβ its dual. We constrain these models by several "admissibility" conditions: i) ϕ must be single-branched and C 1 -class on its domain of definition of the X − Y plane, which must include the vacuum. ii) For parity invariance, the condition ϕ(X, Y ) = ϕ(X, −Y ) must hold. iii) The positive definite character of the energy functional for any field configuration requires , and the static spherically symmetric metric may be written as ds
µν + ϕ Y F * µν ) = 0 for these models lead, for ESS fields ( E(r) = E(r) r r , H = 0), to a first-integral r 2 E(r)ϕ X = q, which forms a compatible system with the Einstein equations G µν = 8πT µν . Its solution can be obtained as
where m(r) = M − ε ex (r, q) contains the ADM mass M and ε ex (r, q) = 4π
0 (R, q)dR, the (flat-space) energy of the ESS field outside of the sphere of radius r. For admissible models ε ex (r, q) can be shown to be a monotonically decreasing and concave function of r, for fixed values of the electric charge q.
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Let us now consider the class of admissible NED models supporting flat-space finite-energy ESS solutions. 4 For the total energy of the electromagnetic field in flat space, ε(q) = 4π
, to be finite, we must have fields vanishing at infinity as E(r) ∼ β/r p , with p > 1 (1 < p < 2: case B1, p > 2: case B3, and p = 2: case B2; which correspond to a slower than, faster than, and Coulombian behaviours, respectively) while at r = 0 there are two possible behaviours: A1, where E(r) ∼ βr p , −1 < p < 0 and A2, with E(r) ∼ a − br σ , β, a and σ(> 0) being universal constants for a given model, while b is a function of q. For these fields the integral defining ε ex (r, q) is convergent for any r. Let us stress that any admissible NED model supporting flat-space finite-energy ESS solutions belongs to one of the B-cases at r → ∞ and to one of the A-cases as r → 0. Using only these data the associated gravitating ESS solutions can be fully classified. Such a classification can be done by looking for the horizons (g(r h ) = 0) present in each configuration. The general mass-horizon radius relation, obtained from Eq.(2) reads
and thus the horizon radii (if any) of the different gravitating solutions are defined by the cut points of the curves ε ex (r, q) (fixed q) with the beam of straight lines M − r/2, given by different values of the ADM mass M . In this sense, a tangency cut point (g ′ (r) | r h = 0) leads to an extreme black hole (EBH), defined by the condition 8πr 2 T 0 0 (r, q) = 1, which gives the EBH mass M extr (q) through Eq.(3). For completeness let us also consider the case of NEDs leading to (flat-space) divergentenergy solutions, which can be tackled following the same method as in the finiteenergy cases. This procedure leads to the following gravitating structures (see Fig.1 
Single-horizon BH with g(0) = 1 − 16πqa < 1. A2c ↔ curve IIIc) If 16πqa = 1 the charge is fixed and this case is similar to the A2a, expecting for M = ε(q) where g(0) = 1 − 16πqa = 0 and we have an "extreme black point". 5 The
belongs to this family. Many other properties of the gravitating ESS solutions of admissible NED models can be established through this procedure. In particular, for the thermodynamic analysis one must take into account that both the zeroth and first laws of BH thermodynamics hold for NEDs. 6 The Hawking temperature of the ESS solutions is given by T = k 2π ; k = , q) ) and its analysis leads, aside from "Schwarzschild-like" and "RN-like" behaviours, to other cases with very special features. As an example, for 16πqa = 1 (A2c case) and M = ε(q), we find vanishing-T (σ > 1), finite-T (σ = 1) or divergent-T (σ < 1) extreme black points(r hextr = 0). The analysis of these and other properties of the solutions is currently in progress. 
